We study Majorana modes and transport in some one-dimensional systems with junctions of pwave superconductors and normal metal leads. For a system with a superconductor lying between two normal metal leads, it is known that there is a Majorana mode at the junction between the superconductor and each normal metal. If a strong impurity is present or the p-wave pairing amplitude changes sign at some point in the superconductor, two additional Majorana modes appear near that point. We study the effects of all these modes on the sub-gap charge conductances between the leads and the superconductor. The main effect is to shift the conductance peaks away from zero bias due to hybridization between the Majoranas; the shift oscillates and also decays exponentially as the length of the superconductor is increased. Using bosonization and the renormalization group method, we study the effect of interactions between the electrons on the Majorana modes and on the conductances. We discuss experimental realizations of these systems.
I. INTRODUCTION
Topological phases of quantum systems have been extensively studied in recent years 1,2 . Typically, systems in such phases are gapped in the bulk but have gapless modes at the boundary, and the energy of the boundary modes lie in the bulk gap. Further, the number of species of boundary modes is given by a topological invariant which is robust against small amounts of disorder, and physical quantities (such as conductance) often take quantized values.
A prototypical example of a system with topological phases is the Kitaev chain 3 ; this is a spin-polarized pwave superconductor (SC) in one dimension, and it is known to have a zero energy Majorana mode at each end of a long system in the topological phase. (It also has a non-topological phases in which there are no Majorana modes at the ends). This system has been theoretically studied from various points of view , and it has inspired several experiments to look for Majorana modes [58] [59] [60] [61] [62] [63] [64] [65] . The experimental signatures are a zero bias conductance peak [58] [59] [60] [61] [62] [63] [64] and the fractional Josephson effect 65 . The zero bias peak occurs because the Majorana mode (which lies at zero energy for a long enough system) facilitates the tunneling of an electron from the normal metal (NM) lead into the superconductor.
The Kitaev chain can be generalized in many ways; some of these generalizations give rise to more than one Majorana mode at each end of the system 6, 9, 12, 40, 46 . The case of additional Majorana modes appearing in the bulk (rather than at the end) of the system is less well studied. (Strictly speaking, the term Majorana refers to modes with exactly zero energy. However, we will use the term more loosely to refer to any state which is localized at some point in the SC and which has an energy which lies in the superconducting gap). It would be interesting to study the effect of such Majorana modes occurring inside the system on the electronic transport across the system. The effect of interactions between the electrons is also of interest. In one dimension, shortrange density-density interactions are known to have a dramatic effect, turning the system into a TomonagaLuttinger liquid. The fate of the Majorana modes in the presence of interactions is therefore an interesting subject of study 14, 15, 17, 18, 22, 28, 36, 51, 53 .
In this paper, we will study Majorana modes and the charge conductances of one-dimensional systems in which a p-wave superconductor lies between two normal metal leads; we will refer to this as a NSN system. As discussed below, we will consider two kinds of SC; in the first case, the p-wave pairing amplitude ∆ will be assumed to have the same value everywhere in the SC, while in the second case, ∆ will be assumed to have change sign at one point which lies somewhere inside the SC. We will see that the number of Majorana modes is generally different in the two cases. In the first case, there are generally only two Majorana modes (one at each end of the SC), while in the second case, two additional Majorana modes appear near the point there ∆ changes sign. Such additional Majorana modes also appear in the first case if there is a sufficiently strong impurity at one point in the SC.
Turning to the conductance, we note that electronic transport across a junction of a NM and a SC has been extensively studied for many years [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] . The presence of a SC means that there will be both normal reflection and transmission and Andreev reflection and transmission 66, 76 . As a result, we will show that there are two conductances which can be measured in this NSN system: a conductance from the left lead to the right lead which we will call G N , and a Cooper pair conductance from the left lead to the SC which we will call G C . For a continuum model of this system, we will first present the boundary conditions at the junctions between the SC and the NM which follow from the conservation of both the probability and the charge current. Using these boundary conditions, we will analytically and numerically calculate G N and G C as functions of the energy E of the electron incident from the left lead and the length L of the SC for the case where ∆ has the same value everywhere in the SC. This conductance calculation will be followed by the discussion of a superconducting box with hard walls; we will see that this is an analytically tractable problem which sheds light on the way the conductance varies with L. Next, we will discuss the case where ∆ changes sign at one point inside the SC so that it has opposite signs on the two parts of the SC. Analytical calculations are difficult in this case; however we will numerically calculate G N and G C as functions of E and L. We will then use a lattice model to numerically confirm the appearance of two additional Majorana modes which lie near the point where ∆ changes sign by calculating the Majorana wave functions and the particle density. Finally, we will show that even if ∆ is constant everywhere in the SC, the presence of an impurity at one point in the SC can give rise to two Majorana modes near that point.
Next, we study what happens when there are interactions between the electrons. We use bosonization and the renormalization group (RG) method to study a SC with interacting electrons when there is an impurity at one point in the SC and also impurities (barriers) at the ends of the SC. We will study what happens to the impurity strengths and the Majorana modes as the length L of the SC is varied; from this we will deduce how the conductance varies with L.
The plan of the paper is as follows. In Sec. II, we introduce the continuum model for the NSN system. We then derive the boundary conditions at the junctions between the SC and the NM and show how this can be used to derive the conductances G N and G C . In Sec. III, we numerically calculate G N and G C . In Sec. IV, we calculate the forms of G N and G C for various parameters of the system such as the pairing amplitude ∆ and the length L of the SC. We then consider a superconducting box with hard walls to understand how the energies of the Majorana modes vary with L. In Sec. V, we use both a continuum and a lattice model to study the Majorana modes and the conductances when ∆ changes sign at some point in the SC. In Sec. VI, we use the formalisms of bosonization and RG to show how the pairing amplitude ∆ and the strength of a single impurity inside the SC vary with the length L; this will be followed by a discussion of the effect of the RG variation on the Majorana modes near that point. In Sec. VII, we will discuss how to experimentally realize the various models discussed in the earlier sections. We will end in Sec. VIII with a summary of our main results and some additional comments.
II. MODEL FOR A NSN SYSTEM
We begin with a continuum model for a NSN system in one dimension as shown in Fig. 1 . We assume that the NM lead on the left goes from x = −∞ to 0, while the NM lead on the right goes from L to ∞; a spin-polarized (hence effectively spinless) p-wave superconductor lies in the region 0 < x < L. Let us denote the wave function in each region as ψ = (c, d)
T , where c(x, t), d(x, t) are the electron (particle) and hole components respectively (there is no spin label to be considered here). The Hamiltonian in each region can be written as
where µ is the chemical potential, k F = √ 2mµ/ is the Fermi wave number, and ∆ is the p-wave superconducting pairing amplitude assumed to be real everywhere; we will set ∆ = 0 in the NM leads. (We will generally set = 1 in this paper, except in places where it is required for clarity. The Fermi velocity is v F = k F /m). The Heisenberg equations of motion i∂ t c = −[H, c] and
For a wave function which varies in space as e ikx , the energy is given by ±(k 2 /(2m) − µ) if ∆ = 0, and by
The corresponding wave functions will be presented below. We see that the energy spectrum in the SC has a gap equal to 2∆ at k = ±k F . Let us define the particle density
(2) and the equations of continuity ∂ t ρ p +∂ x J p = 0 and ∂ t ρ c +∂ x J c = The simplest way of satisfying this condition is to set
where v F = k F /m. (The first two equations above mean that the wave function is continuous while the last two equations imply that the first derivative is discontinuous in a particular way). We now find Eqs. (5) also imply that that charge current is conserved, i.e., J c1 (0 − ǫ) = J c2 (0 + ǫ). Next, let us consider what happens if a δ-function potential of strength λ is also present at the junction at x = 0; the dimension of λ is energy times length. (This potential is physically motivated by the fact that in many experiments, the NM leads are weakly coupled, by a tunnel barrier, to the SC. This can be modeled by placing a δ-function potential with a large strength at the junction). Now there will be an additional discontinuity in the first derivative at x = 0; this is found by integrating over the δ-function which gives
Hence Eqs. (5) must be modified to
For the SC-NM junction at x = L, we consider the wave functions ψ 2 = (c 2 , d 2 )
T at x = L − ǫ in the SC region and ψ 3 = (c 3 , d 3 )
T at x = L + ǫ in the NM region. Assuming that there is also a δ-function potential with strength λ at this junction, we find that the boundary conditions which conserve the probability and charge current at this point are given by
We now use the boundary conditions discussed above to find the various reflection and transmission amplitudes when an electron is incident from, say, the NM lead on the left with unit amplitude. The presence of the SC in the middle implies that one of four things can happen 66 . (i) an electron can be reflected back to the left lead with amplitude r n .
(ii) a hole can be reflected back to the left lead with amplitude r a . In this case, charge conservation implies that a Cooper pair must be produced inside the SC. (iii) an electron can be transmitted to the right lead with amplitude t n . (iv) a hole can be transmitted to the right lead with amplitude t a . Then charge conservation again implies that a Cooper pair must be produced inside the SC.
If the energy E of the electron (incident from the left lead) lies in the superconducting gap, i.e., −∆ ≤ E ≤ ∆ (E can be interpreted as the bias between the left lead and the SC), Eqs. (2) imply that the wave functions in the three regions must be of the form 
where e iφ = (E −i √ ∆ 2 − E 2 )/∆. Here ψ 1 and ψ 3 are the wave functions in the NM leads on the left (1) and right (3) respectively, while ψ 2 is the wave function in the SC region in the middle (see Fig. 1 ). The top and bottom entries in the wave functions denote the particle and hole components. The wave functions in the NM leads are proportional to e ±ikx , where k is close to the Fermi wave number k F . In the SC, we have four modes; two of these decay exponentially and the other two grow as we move from left to right. We denote the wave numbers of these by k 1 , k 2 , k 3 and k 4 . Defining the length scale
we find that the decaying modes have k 1 = k F + i/ξ and k 2 = −k F + i/ξ, while the growing modes have
Upon including the δ-function potentials with strength λ at the junctions at x = 0 and x = L, we get a total of eight boundary conditions from Eqs. (7) and (8) 
T . We thus have eight equations for the eight unknowns r a , r n , t n , t a , t 1 , t 2 , t 3 and t 4 . After solving these equations we can calculate the reflection and transmission probabilities. The conservation law for probability current implies that
The net probability of an electron to be transmitted from the left NM lead to the right NM lead is given by
The net probability of the electron to be reflected back to the left NM lead is
The remainder, denoted by G C , is the probability of electrons to be transmitted into the SC in the form of Cooper pairs. The conservation of charge current implies that
where we have used Eqs. (11) (12) (13) to derive the last line in Eq. (14) . The corresponding conductances into the right lead and the SC are given by q 2 /(2π ) times G N and G C , where q is the charge of an electron. However, we will ignore the factors of q 2 /(2π ) in this paper and simply refer to G N and G C as the conductances.
III. NUMERICAL RESULTS FOR UNIFORM ∆
In this section we present our numerical results for G N and G C as functions of the length L of the SC and the ratio E/∆ lying in the range [−1, 1]. There is a length scale associated with the SC gap called η = v F /∆. (This is different from the length ξ introduced in Eq. (10) which depends on the energy E). We study three cases, namely,
We show the numerically obtained conductances G N and G C in the first and second rows of Fig. 2 . We have chosen the parameters k F = 1, m = 1, ∆ = 0.01, λ = 10, and an offset in k F L equal to 0.1 (the reason for the offset is explained in Sec. IV A). The length scale η = 2 k F /(m∆) = 100. In the first column, we have taken L = 2π − 0.1 to 4π − 0.1, namely, L ≪ η. We then find that G N is peaked at the values of L where the quantization condition, k F L = nπ−offset, is satisfied, and G C is almost zero everywhere. For a fixed value of k F , we find that the offset depends only on the strength of the δ-function potential λ as shown in Eq. (18) below. In the second column, we have taken L = 37π − 0.1 to 39π − 0.1, i.e., L ∼ η. Here we find that the locations of the peaks of both G N and G C vary sinusoidally with L. In the third column, we have taken L = 300π − 0.1 to 400π − 0.1, i.e., L ≫ η. Here G C has peaks only at zero energy (called the zero bias peak) where its value is 2, while G N is almost zero everywhere. The general pattern of variation of the conductances is that G N decreases while G C increases with increasing L. For very large L, we observe only a zero bias peak in G C , and only the junction at x = 0 is important; the electron never reaches the junction at x = L.
IV. ANALYTICAL RESULTS FOR UNIFORM ∆

A. Superconducting box
In this section, we study how the energies of the Majorana modes depend on the length L of the SC region if the NM leads are absent. We consider a SC box with hard walls (λ = ∞) at x = 0 and L. We therefore set the wave functions ψ 1 and ψ 3 equal to zero in Eq. (9) and consider only the wave function ψ 2 . This satisfies a total of four boundary conditions, two at each wall.
At x = 0, we obtain The first row shows the conductance GN from the left lead to the right lead while the second row shows the conductance GC from the left lead to the SC, as functions of L and E/∆. In the first column, L = 2π − 0.1 to 4π − 0.1, we see that GN is a maximum at the values of L where the quantization condition kF L = nπ − offset is satisfied. (We do not see peaks in GN at all points on those lines because of the finite resolution of the set of values of L and E/∆ that we have taken in our numerical calculations. As we increase the number of points, we do find that the peaks occupy an increasingly large fraction of those lines). GC is almost zero everywhere. In the second column, L = 37π − 0.1 to 39π − 0.1, we see a sinusoidal variation in the locations of the peaks of both GN and GC as a function of L. In the third column, L = 300π − 0.1 to 400π − 0.1, GC has peaks only at E/∆ = 0 (zero bias peak) where its value is 2, and GN is almost zero everywhere. The third row shows the analytically calculated energies E/∆ of the Majorana modes as a function of the length L of a SC box. The conductance peaks in the first two rows occur exactly at the Majorana mode energies in the third row.
while at x = L, t 1 e ik1L + t 2 e ik2L + t 3 e ik3L + t 4 e ik4L = 0,
The consistency of these four equations implies the con-
This splitting of the energy away from zero is essentially due to the hybridization of the Majorana modes due to a finite tunneling amplitude between the two ends of the SC box. (An expression similar to Eq. (17) has been derived in Ref. 42 ). Note that in the limit L/ξ → ∞, the energy splitting goes to zero, i.e., E → 0. In this limit, the Majorana modes at the two ends of the box are decoupled from each other. The mode at the left end of the system (x = 0) has a wave function of the form (1, − i)
T sin(k F x)e −x/ξ , while the mode at the other end (x = L) has a wave function of the form (1, i)
We have assumed so far that ∆ > 0. If ∆ < 0, we find that the mode at the left end is proportional to (1, i)
T while the mode at the right end is proportional to (1, − i)
T . To compare with Eq. (17), we show the dependence of E/∆ on L in the third row of Fig. 2 . For small values of L/η ≪ 1, the energies are split by the maximum amount (E/∆ = ±1), unless k F L is exactly equal to nπ where E/∆ = 0. As L increases the splitting decreases as we see in Eq. (17) and in the second plot in the third row of Fig. 2 . For L/η ≫ 1, the energy splitting goes to zero as the tunneling between the two ends approaches zero exponentially with the length. We see that the analytical result in Eq. (17) matches with our numerical results.
B. Conductances
In this section, we will present the exact forms of G N and G C in some special cases. It is generally difficult to analytically solve the eight equations coming from Eqs. (7) (8) . But if E = 0 which implies that e iφ = −i and ξ = v F /∆, and if ∆ ≪ 2 k 2 F /m, it turns out that one can analytically solve the eight equations in two limits.
L/ξ has a finite value, the numerical calculations of r n , r a , t n and t a show that for most values of the length L, |r n | ≃ 1 and the other three amplitudes almost vanish; hence G N , G C are very small. However, we find numerically that there are special values of L where r n , t a are almost equal to zero. We can then use this numerical observation and the boundary conditions to analytically find the quantization condition on L. We find that
and
Hence Eq. (18) shows that if λ is large but not infinite, there is a small offset equal to θ from the quantization condition k F L = nπ which is true for λ = ∞ (as we see in Eq. (17) for E = 0); hence sin(k F L) is non-zero but small. For k F = 1, m = 1 and λ = 10, we see that θ = 0.1, which matches with the numerical results shown in Sec. III.
(ii) If λ/( v F ) and e L/ξ are both much larger than 1 and sin(k F L) is not small (i.e., k F L is not close to an integer multiple of π), we analytically find that
Hence G N = 0 and
We see that if ν → ∞,
There is a cross-over from one limit to the other depending on whether (λ/ v F ) 2 (the square of the strength of the barrier between the SC and the NM) is much larger than or much smaller than e L/ξ .
V. EFFECTS OF ∆ CHANGING SIGN
A. Continuum model
In this section, we will consider a continuum model for a system in which the p-wave pairing amplitude ∆ changes sign at some point in the SC as shown in Fig.  3 . (A way of experimentally realizing such a system will be discussed in Sec. VII). We now get twelve boundary conditions: four at the NM-SC junction at x = 0, four at the SC-NM junction at x = L, and four at the point in the SC where ∆ changes sign. Using the boundary conditions we numerically calculate the conductances. These are shown in Fig. 4 for the parameter values k F = 1, m = 1, λ = 10, and an offset in k F L = 0.1 where L is the length of the SC. We take ∆ = 0.01 from x = 0 to 3L/4, and ∆ = −0.01 from x = 3L/4 to L. (We found numerically that if ∆ changes sign exactly at the mid-point of the SC, the system has an extra symmetry which gives rise to a rather unusual pattern of conductances. Since experimentally the sign change will generally not occur at the mid-point, we chose it to be at 3L/4 where there is no special symmetry). As in Sec. III where ∆ was assumed to have the same sign everywhere in the SC, we consider three cases.
.e., L ≫ η, we find that G N is almost zero but G C has peaks only at zero energy where its value is 2. Thus the conductances show very similar behaviors as functions of L and E/∆ for ∆ having the same sign throughout the SC or changing sign at one point in the SC.
Although the conductances show similar behaviors for systems in which ∆ has the same sign everywhere or changes sign at one point, we will show below that there is a difference in the Majorana mode structure in the two cases. Namely, if ∆ changes sign at one point in the SC, two Majorana modes will generally appear near that point. But if ∆ has the same sign everywhere, Majorana modes generally do not appear inside the SC unless a large impurity potential is present at one point (which has the effect of dividing the SC into two regions). 
B. Kitaev chain
In this section we will obtain a clearer picture of the Majorana modes by studying the Kitaev chain. This is a lattice model of spinless p-wave SC with nearest neighbor hopping γ (which we will assume to be positive), SC pairing ∆, and chemical potential µ. (Numerically, it is easier to study a lattice model than a continuum one).
The Hamiltonian is
where a, b are Majorana operators which are Hermitian and satisfy the anticommutation relations {a m , a n } = {b m , b n } = 2δ mn and {a m , b n } = δ mn . To connect this Majorana formalism to the usual particles, we define the particle creation and annihilation operators as f n = (1/2)(a n − ib n ) and f † n = (1/2)(a n + ib n ), which satisfy the standard anticommutation relations {f m , f † n } = δ mn . The particle number operator at site n is then given by f † n f n = (ia n b n + 1)/2. Hence the last term in Eq. (20) is, apart from a constant, equal to −µ n f † n f n , as a chemical potential term should be.
The Hamiltonian in Eq. (20) has an "effective time reversal symmetry", namely, it is invariant under complex conjugation of all complex numbers along with a n → a n and b n → −b n 46 . (This symmetry would be violated if terms like ia m a n or ib m b n were present). This symmetry implies that if we look at eigenstates with zero energy, their wave functions involve only the a n or only the b n , not both. Depending on the values of the parameters γ, ∆ and µ, Eq. (20) is known to have two topological phases (for |µ| < γ and ∆ = 0) and one non-topological phase (for |µ| > γ). The bulk modes are gapped in all the phases. In the topological phases, a long system has one zero energy Majorana mode at each end, whose wave functions only involve a n at the left end and b n at the right end if ∆ > 0 and vice versa if ∆ < 0 46 . (We can see this particularly clearly in the special case that µ = 0 and ∆ = ±γ. If ∆ = γ (−γ), the Majorana modes are given by a 1 (b 1 ) at the left end and b N (a N ) at the right end). Comparing these statements with the expressions given in the paragraph following Eq. (17) for the wave functions of Majorana modes at the ends of a long system, we conclude that a Majorana mode made from a n (b n ) has a wave function of the form (1, −i) T ((1, i) T ). The energies and eigenstates of Eq. (20) have some interesting properties. We can write the Hamiltonian in the general form
where M mn is a real antisymmetric matrix, and α n denote all the 2N Majorana operators. The energies E and corresponding eigenstates u must satisfy iM u = Eu. We then see that for every non-zero energy E and eigenstate u, there will be an energy −E with eigenstate u * . Next, the fact that the Hamiltonian only has terms like ia m b n implies that we can choose the eigenstates in such a way that the a n components are real and the b n components are imaginary. Hence, when we go from u to u * , the a n components will remain the same while the b n components change sign. This implies that the quantity ia n b n , which is related to the particle number f † n f n at site n, has opposite signs for the states u and u * with energies E and −E.
To numerically study the Majorana modes in this system, we first consider a 500-site system with γ = 1, ∆ = 0.03, and µ = 0.9. To distinguish between localized and extended states, we use the inverse participation ratio (IPR) 78 . (Given an eigenstate ψ of the Hamiltonian, which is normalized so that n |ψ n | 2 = 1, the IPR of the state is defined as n |ψ n | 4 ). We find that for two of the eigenstates, the IPR is much larger than for all the other eigenstates; these correspond to localized states. The energy eigenvalues of these two eigenstates are zero to our numerical accuracy. Hence we get one Majorana mode at each end of the system as shown in Fig. 5 . Note that the number of components of the wave function is twice the number of sites since each site n has a n and b n . Next we again consider again a 500-site system with γ = 1 and µ = 0.9, but now with ∆ = 0.03 from site 1 to 350 and ∆ = −0.03 from site 351 to 500. The IPR is maximum for four eigenstates, indicating the presence of localized state. The energy eigenvalues of these four eigenstates are zero to numerical accuracy. The system now has four Majorana modes as shown in Fig. 6 : two at the ends and two around the point where ∆ changes sign. (Note that the wave function components m = 699, 700 correspond to a n and b n at the site labeled n = 350). We note that in Figs. 5 and 6, there is no impurity potential anywhere inside the system.
It is important to note that a SC in which ∆ changes sign at one point, say x = x 0 , will necessarily have two Majoranas near that point if the Hamiltonian only has terms of the form ia m b n . To see this, note that if the SC was cut at that point by putting an infinitely strong barrier there, the left part of the SC where ∆ > 0 will have a Majorana involving a n at its left end (i.e., at x = −∞) and b n at its right end (x = x 0 ), while the right part of the SC where ∆ < 0 will have a Majorana involving b n at its left end (at x = x 0 ) and a n at its right end (x = ∞). We thus see that there will be two Majoranas near x = x 0 which are both of type b. If the barrier at x = x 0 is now decreased to a finite value (or even removed), the two Majoranas will survive since the Hamiltonian has no terms of type ib m b n which can couple them and thereby gap them out. This is different from a SC where ∆ has the same sign everywhere. Then an infinitely strong barrier at some point x 0 will cut the SC and produce two zero energy Majoranas there, but these will be of opposite types, a and b. Lowering the barrier will now mix these Majoranas by tunneling and thus gap them out if the barrier is small enough. These observations are illustrated in Figs. 7 and 8 . Fig. 7 shows some of the eigenvalues for a 500-site system with different values of λ, which is the strength of an impurity placed at the site labeled 350. The energies are sorted in increasing order and are labeled by m which runs from 1 to 1000. Thus m = 500, 501 label the middle two energy levels; these remain at zero for all values of λ and correspond to Majorana modes at the ends of the SC. The Majorana modes near the site labeled 350 correspond to m = 499, 502; they are at zero energy if λ is large but move away from zero and merge with the bulk states as λ is decreased.
The situation is different if ∆ changes sign at one point in the SC and there is also an impurity at the point. The number of Majorana modes close to zero energy is now always four regardless of the value of λ; two of the modes lie at the ends of the system and the other two lie near the point where ∆ changes sign (these modes were shown in Fig. 6 for the case λ = 0). Fig. 8 shows the energies of these four modes for a 500-site system with ∆ changing sign and an impurity of strength λ at the site labeled 350. We see that the four energies lie close to zero for all λ, unlike Fig. 7 where that happens only if λ is large. We will now look at the effect of the Majorana modes
, all energy levels up to E F will be filled. We then define the total particle density at each site n as
where E F is the Fermi energy of the system and n goes from 1 to N . We consider a system of size N = 60, γ = 1, µ = 0.9, with ∆ equal to 0.03 from sites 1 to 45 and −0.03 from sites 45 to 60. This system size is not very large, so the four Majorana modes will hybridize with each other and their energies will split from zero. We find numerically that the energies of the four modes lie at ±0.0086 and ±0.0021 as shown in Fig. 9 . The bulk gap is found to be 0.0344, so these four energies lie well within the bulk gap. We now study the particle density given in Eq. (22) for three values of Fermi energy E F = 0.010, 0.006, 0.000 to see the effect of the Majorana modes on the particle density. For E F = 0.010, the PD does not get any contribution from Majorana modes as the contributions to ia n b n from pairs of states with energies ±E cancel out. For E F = 0.006, the PD gets contribution only from one unpaired Majorana mode (with E = −0.0086). For E F = 0.000, PD gets contribution from both the unpaired Majorana modes (E = −0.0086 and −0.0021). The PD for these three values of E F is shown in Fig. 10 . A comparison of the three plots will show the contribution of the Majorana modes to the PD; for instance, the difference of the PD in the first and second plots comes from the Majorana mode at E = −0.0086 while the difference of the PD of the second and third plots comes from the Majorana mode at E = −0.0021. FIG. 10: (Color online) Plots of the particle density when ∆ changes sign at one point in the SC. We take the the SC region to have 60 sites, with γ = 1, µ = 0.9, ∆ = 0.03 from sites 1 to 45, and ∆ = −0.03 from sites 45 to 60. As the system length is finite, the four Majorana modes (two near the ends and two near the 45-th site) split from zero energy. The energies of the four modes are ±0.0086 and ±0.0021. The first plot is for EF = 0.010 which lies above all the Majorana energies; hence the PD does not get a contribution from any of the Majorana modes since they are all occupied but their contributions cancel out in pairs. For the second plot, EF = 0.006; here the PD gets a contribution only from the Majorana mode at E = −0.0086 since the mode at E = 0.0086 is unoccupied and therefore does not contribute. For the third plot, EF = 0.000; now the PD gets contributions from the Majorana modes at both E = −0.0086 and −0.0021 since the modes at E = 0.0086 and 0.0021 are unoccupied and do not contribute.
VI. INTERACTIONS AND RENORMALIZATION GROUP ANALYSIS
We will now study the effect of interactions between the electrons on the Majorana modes. More precisely, we will use the RG method to study how the various pa-rameters of the model vary with the length scale, and we will then use that to see what happens to the Majorana modes. To begin, we will study only the SC region and not the NM leads. At the end of this section, we will consider the RG equation for a tunnel barrier lying at the junction of a SC and a NM.
Interactions have a particularly strong effect on manyelectron systems in one dimension. Short range interactions change the system from a Fermi liquid to a Tomonaga-Luttinger liquid (TLL). The most effective way to study a TLL is to use bosonization [79] [80] [81] [82] . We will begin our analysis with the bosonized Hamiltonian 14, 82 given as
where a 0 is a microscopic length scale such as the lattice spacing or the distance between nearest neighbor particles, and K is a dimensionless parameter called the Luttinger parameter. [For repulsive (attractive) interactions between the electrons, K < 1 (K > 1)]. φ and θ are conjugate bosonic fields which describe particle-hole excitations; their space-time derivatives give the density and current. k F is the Fermi wave number, v is the velocity of the bosonic excitations, and δ is related to the SC pairing ∆ as described below. Finally, U is the strength of umklapp scattering; this term only appears if we have a lattice model which is at half filling. We will ignore this term here. Let us consider the case where there is an isolated impurity in the system; for simplicity, we will assume this to be point-like so that the impurity potential is V (x) = λδ(x), λ being the strength of the impurity. The Hamiltonian which describes the effect of this is given by
where the density ρ(x) = −(1/π)∂ x φ(x). The interaction renormalizes the system parameters. Hence the RG equations for the length scale dependence of the parameters K, δ and λ are given by
It is convenient to define a renormalized length scale a = a 0 e l . In the figures below, we will plot the pairing ∆ which is related to δ as ∆ = δ/a; this satisfies the equation d∆/dl = (1 − 1/K)∆. It is ∆, rather than δ, which is physically observable; for instance ∆ is the superconducting gap for a system with length scale a. Note that for a non-interacting system, i.e., K = 1, both δ and a flow, but ∆ does not flow. We note that the first two equations in Eqs. (25) were studied in Ref. 14. We have generalized their analysis by introducing an impurity with strength λ which flows according to the last equation in Eqs. (25) . As we will see below, an impurity inside a SC region can have interesting consequences for Majorana modes.
We have used the RG equations and some initial values of the parameters K, ∆/∆ 0 and λ to find how these parameters vary with the length scale. These are shown in Figs. 11 and 12 for initial values K 0 = 0.8 (repulsive interactions) and K 0 = 1.2 (attractive interactions) respectively, along with ∆ 0 = 0.01 and λ 0 = 2. For K < 1, λ increases and ∆ decreases with increasing length scale,and these trends are reversed when K > 1. In Fig. 11 , where K 0 = 0.8, we see that λ keeps increasing up to l = 6 (beyond this K becomes larger than 1). These results have the following implications for Majorana modes at the ends of the SC. If there is no impurity inside the SC (i.e., λ = 0), then we will be in the situation studied in Ref. 14. If the SC region has a length L, the Majorana modes survive if the value reached by ∆ at that length scale satisfies L∆/v ≫ 1. If L∆/v 1, the Majorana modes will hybridize strongly and move away from zero energy; if their energies approach the ends of the SC gap at ±∆, they will become unobservable.
If λ = 0, it will grow with the length scale if K < 1. For a large impurity strength λ at one point, the SC essentially gets cut into two parts and one can get two Majorana modes on the two sides of that point. As shown in Fig. 7 for a 500-site system, the energies of these Majorana modes approach zero as λ → ∞. The situation is different if ∆ changes sign at one point in the SC and there is also an impurity at the point. The RG equations will be the same as discussed above for the case of uniform ∆. However the number of Majorana modes is now always four regardless of the value of λ. Two of the modes lie at the ends of the system and the other two lie near the point where ∆ changes sign; the energies of these four modes are shown in Fig. 8 . We see that the four energies lie close to zero for all λ.
We have studied above what happens if there is an impurity of strength λ which lies inside the SC. It is also interesting to study the RG flow of an impurity which lies at the ends of the SC region, namely, at the junction between the SC and a NM lead. It is known that an impurity of strength λ lying at the junction between two different TLLs with Luttinger parameters K 1 and K 2 satisfies the RG equation
Since a NM is equivalent to a TLL with K = 1, the RG equation for the strength of an impurity at the junction between a NM and a SC which has a value of K is given by
If K < 1, we see that λ will increase with the length scale, though not as fast as the λ of an impurity lying inside the SC as shown by the last equation in Eq. (25) . We can apply Eq. (27) to understand the conductance across a NSN system if we take λ to be the strength of the tunnel barriers between the SC and the NM leads. If both λ and e L/ξ are large and k F L is not an integer multiple of π, Eqs. (19) give expressions for the conductances across a NSN system at zero bias. For E = 0, L/ξ = L∆/v; hence the parameter ν in Eqs. (19) depends on λ and ∆ both of which flow under RG. If K < 1, λ increases and ∆ decreases with increasing length scales; both these imply that ν will increase and hence G C will decrease as the length L of the SC is increased.
VII. EXPERIMENTAL REALIZATIONS
We will now discuss how the different systems that we have discussed above can be experimentally realized. In particular, we will see how it may be possible to have a SC in which the pairing ∆ changes sign at one point.
We consider the model studied in Ref. 14. They consider a wire with a Rashba spin-orbit coupling of the form α R pσ x , where p is the momentum along the wire and σ x is a Pauli spin matrix. The wire is placed in a magnetic field in a direction perpendicular to the Rashba coupling (with a Zeeman coupling ∆ Z ) and in proximity to a swave SC (with pairing ∆ S ). The complete Hamiltonian, given in Ref. 14, is
where Ψ α is the annihilation operator for an electron with spin α, and p is the momentum of an electron moving from left to right. Ref. 14 then shows that for a certain range of the parameters, this system is equivalent to a spinless p-wave SC of the form that we have studied in this paper, with the p-wave pairing being given by
(1)), where
Now consider a straight wire in which the coordinate x goes from −∞ to ∞ as we go from left to right (see Fig.  13 (a) ). Then the Rashba term and hence ∆ will have the same sign everywhere. On the other hand, suppose that the wire is bent so that the two parts of the wire run in opposite directions as shown in Fig. 13 (b) . Now x increases from −∞ to x 0 as we go from right to left in the lower part of the wire and from x 0 to ∞ as we go from left to right in the upper part. Thus p has opposite signs in the two parts; so effectively the Rashba coupling α R in Eqs. (28) (29) and hence ∆ has opposite signs in the two parts. It is also clear that the bend in the wire is likely to cause scattering of electrons there, and it is therefore natural to model that by an impurity potential.
The impurity inside the SC that we have studied in Sec. VI corresponds to an arbitrary point in Fig. 13 (a) and to the region where ∆ changes sign in Fig. 13 Finally, the ends of the SC can be connected to NM leads through tunnel barriers. As discussed in Sec. II, these barriers can be characterized by their strength λ.
VIII. CONCLUSIONS
In this paper, we have studied the Majorana modes and conductances of a one-dimensional system consisting of a p-wave SC of length L connected by tunnel barriers to two NM leads. We have considered two cases: (i) the p-wave ∆ pairing has the same sign everywhere in the SC (with, possibly, an impurity potential with strength λ present at one point inside the SC), and (ii) ∆ changes sign at one point in the SC (and an impurity present there). We have used a continuum model to derive the boundary conditions at the junctions between the SC and the NM. Using these conditions, we have numerically studied two conductances, G N (from one lead to the other) and the Cooper pair conductance G C (from one lead to the SC), when the energy E of an electron incident from one of the leads lies within the SC gap.
We have studied three ranges of values of L with respect to the length η (the length scale associated with the SC gap). We find a rich pattern of variations of the conductances as functions of L and E. We have provided analytical explanations for these behaviors by studying some special limits, such as the Majorana modes at the ends of a SC box with no leads, and the conductances of the NSN system in the limit when the tunnel barriers λ between the SC and the leads are very large. In this limit, we find that there are quantization conditions for the length L at which G N and G C have peaks. We find that the presence of Majorana modes at the ends of the SC has a significant effect on the conductances; the latter have peaks exactly at the energies of the Majorana modes. We do not find any noticeable difference between the behaviors of the conductances for the cases of uniform ∆ and ∆ changing sign at one point in the SC, although the latter system has two additional Majorana modes at that point. This implies that the presence of Majorana modes inside the SC (i.e., far away from the leads) has no major effect on the conductances. This happens because the NM leads lie far away from these Majorana modes.
For the case that ∆ changes sign at one point in the SC, we have used a lattice model to study the Majorana modes which occur near that point. We find that these modes have a noticeable effect on the local particle density as a function of the Fermi energy.
Next, we have studied the effects of interactions between the electrons in a SC. Using bosonization, we have studied the RG flows of the different parameters of the theory such as the pairing ∆ and the strength λ of an impurity potential which may be present either inside the SC or at the junctions of the SC and the leads as tunnel barriers. For repulsive interactions, the Luttinger parameter K < 1; we then find that ∆ decreases while λ increases as the length scale increases. We studied the effect of this on the Majorana modes and on the conductances. In particular, we find that if an impurity is present inside the SC, it can grow and eventually cut the SC into two parts if L is large enough; then two Majorana modes can appear near the impurity. This is in contrast to the case where ∆ changes sign at one point and there is also an impurity present there. We then find that there are always two Majorana modes near that point regardless of how small or large the impurity strength is.
Finally, we have discussed some experimental implementations of our model. We have shown that the cases of both uniform ∆ and ∆ changing at one point can be realized. The second case is interesting because two Majorana modes are expected to appear near that point. It should be possible to detect these modes by STM studies of the local particle density as a function of energy. Another way to study those modes would be to attach a lead at that point and study the conductance in that lead 83, 84 .
